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We explore the heat current in the quantum Hall edge at filling factors ν = 1 and ν = 2 in
the presence of dissipation. Dissipation arises in the compressible strip forming at the edge in
presence of a smooth confining potential. Such strip was predicted to host an infinite number of
hydrodynamic neutral modes, which however were never observed. A possible explanation may be
in their dissipative nature, which was not fully considered before. Heat transport measurements
are capable of detecting neutral modes and experiment [H. le Sueur et al., Phys. Rev. Lett. 105,
056803 (2010)] at ν = 2 captured additional degrees of freedom transferring heat at the edge.
Surprisingly, the breakdown of heat current quantization has been found. We conjecture that the
aforementioned dissipative modes might be responsible for this behavior. We build a low-energy
effective model and show that the lowest hydrodynamic mode carries a portion of the heat flux
quantum which is the same both at ν = 1 and ν = 2. Although our results are consistent with the
experiment, a microscopic model of dissipation is needed to confirm the prediction of the low-energy
approximation.
I. INTRODUCTION
The heat transport experiments are able to provide
insights into physics when conventional charge conduc-
tance measurements are powerless.1–8 They have been
particularly useful in understanding a structure and in-
triguing properties of quantum Hall (QH) edge states
both at integer and fractional bulk fillings.1,9–13 Indeed,
due to effects of interactions, disorder, smoothness of the
confining potential and the finite temperatures the den-
sity profile of the QH edge was predicted to acquire a
non-trivial form,14–16 resulting in the additional neutral
counter-propagating excitations.17–25 Later on, the mea-
surements of a thermal conductance allowed for the de-
tection of these upstream modes,1,8,26–29 opening a way
to testing the existing theories of the edge. This is based
on the quantization of the thermal current independently
of the nature of the modes that transmit it.2 A lot of at-
tention is drawn to the fractional QH regimes described
by non-Abelian symmetries, which give rise to exotic
states.11,12,30,31 However, the interference experiments
that might provide the evidence of their anyonic statis-
tics are believed to be hindered by such neutral modes,32
the idea recently supported by a systematic experimental
study.33
The integer QH edge was also predicted by Aleiner
and Glazman 34 to host neutral (AG) excitations. Their
approach is based on the electrostatic theory of the
edge,35,36 which states that in the presence of screening
and smooth confining potential the charge density profile
consists of alternating compressible and incompressible
regions, an experimentally confirmed picture.37 Within
an exactly solvable hydrodynamic model of a compress-
ible strip profile it was demonstrated that such strip hosts
an infinite number of downstream neutral excitations. So
far a direct observation of these modes has remained elu-
sive. What has been observed is a significant leakage
of the injected energy from the edge channels at inte-
ger ν ∈ [1, 3],9,10 suggesting the presence of additional
degrees of freedom to which the energy might be redis-
tributed.
A systematic study of the heat transport at ν = 2 was
made in Ref. [13]. In this system, Fig. 1, electrons are
injected into the outer edge channel via a quantum point
contact and the energy distribution in this channel is
subsequently probed downstream after different lengths
of propagation. The first observation is that the energy
does not leak into the bulk, since one finds the satura-
tion of the local temperature even after large propaga-
tion lengths of 10µm. However, the measured temper-
ature is lower than is predicted by the equipartition of
the initial energy between the two modes. The tempera-
y𝛥𝜇 f (E)Dx
Figure 1. A scheme of the experimental set-up [13]. An outer
edge channel at ν = 2 is driven out-of-equilibrium by the
quantum point contact (triangles) and the energy distribu-
tion of the created excitation is extracted from probing the
tunneling density of states ∝ ∂fD(ε)/∂ε by the quantum dot
placed downstream.
ture is extracted from the calculation of the energy flux
JE =
∫
dε
2pi ε
[
f(ε)−θ(µ−ε)
]
, where µ is the electrochem-
ical potential and f(ε) is a measured energy distribution.
Its value is expected to acquire the energy flux quantum
Jq =
piT 2
12
. (1)
Instead, it misses around 13% of this number. This out-
come is also inconsistent with the three modes structure
of the edge, since then the injected energy would have
been equipartitioned between these three modes. But
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2what if the additional mode carried less than Jq, say due
to the presence of dissipation? A compressible strip, that
is predicted to host neutral modes, allows for a transverse
current proportional to the diagonal conductivity σxx,
which results in a dissipative term in the energy spectrum
of these excitations (which we show below). Previously,
effects of dissipation did not receive a full consideration
in the model [34]. However, dissipation was observed38
in the spectrum of the neutral mode at ν = 2 and was
also predicted39 to account for the experimental finding
of Ref. [40].
In this paper we concentrate on the low-energy limit
and demonstrate how the introduced dissipation in the
compressible strip alters the spectrum of edge excitations
at ν = 1 and generalize our approach for ν = 2. Under
the assumption that no diffusion is present and that σxx
dominates over σxy in the strip we find that the addi-
tional AG mode carries a portion of flux quantum pro-
portional to σxy/σxx. We show that in the presence of
only one such strip the result is universal also at ν = 2,
which is a consequence of the low-energy character of our
model. We note however that the existence of the high
energy cut-off, which is a requirement of our model, is
essential for the AG mode to have a non-quantized heat
current. While our predictions are consistent with the ex-
perimental observations of Refs. [13, 38], we remark that
in order to understand whether a low-energy approach is
fully valid in such a problem, a microscopic model of dis-
sipation has to be constructed. We reserve this direction
for the future work.
The structure of the paper is the following. In Sec. II
we provide a model of a dissipative compressible strip
and find the spectrum of the edge excitations at ν = 1.
Then, in Sec. III we explain how the energy flux can be
calculated within the aforementioned model. The answer
is represented as a sum of various density-density correla-
tion functions, which can be found from the Fluctuation-
dissipation theorem (FDT), Sec. IV. In the latter section,
we also calculate the expression for the heat current of
the two modes at ν = 1 and explain the logics behind the
result for the heat current of the AG mode. We general-
ize the above formalism for ν = 2 in Sec. V and provide
final remarks in the discussion section VI.
II. COMPRESSIBLE STRIP MODEL
The density profile of a compressible strip forming close
to the boundary of the edge is described by a smooth
function which ends up with a plateau, corresponding to
the density 1/2pi`2B , where `B is a magnetic length. In-
stead of taking care of a possibly infinite number of AG
modes residing in it, we note that the hydrodynamic pic-
ture of the edge breaks down at short wave lengths, so
that ultimately only a few such modes can exist. To cap-
ture the lowest neutral mode of the compressible region
we introduce a half jump41 in the profile of σxy(y) as
presented in Fig. 2 for ν = 1. Any jump in σxy(y) corre-
sponds to the accumulation of the charge density. Hence,
in- and out-of-phase oscillations of the charges with am-
plitudes ρ1,2 at the respective boundaries of the strip at
y = 0 and y = ξ correspond to the charged and neutral
excitations
ρc,σ(k, ω, y) = ρ2(k, ω)δ(y − ξ)± ρ1(k, ω)δ(y), (2)
whose symmetric form is due to the symmetric profile of
σxy(y). In this case, the charged mode is a usual magne-
δ
ξ
ρ
σ
x
y
Figure 2. A simplified Hall conductivity profile of the edge
cross-section at ν = 1. In presence of screening and smooth
confining potential the QH plateaus admit compressible re-
gions, which we display only for the first plateau as a 1/2
step of the width ξ (shaded region). We have also schemati-
cally depicted the neutral mode with the amplitude ρσ, that
it hosted by the dissipative strip. The effective width of the
charge density localized in the edge channels is denoted by δ.
toplasmon, which is insensitive to the dissipation, while
the neutral mode acquires a dominant dissipative contri-
bution to its spectrum. To show this, let us write down
a continuity equation for the total charge ρ(k, y) in the
compressible region:
ωρ(k, y) = i
[
− ik(∂yσxy(y)) + (∂yσxx(y))∂y
+ σxx(y)(∂
2
y − k2)
]
ϕ(k, y), (3)
with the potential ϕ(k, y) created by the charges
ϕ(k, y) = 2pi
[
U(|ky|)ρ1(k) + U(|k(y − ξ)|)ρ2(k)
]
(4)
and U(|ky|) describing a Coulomb interaction. We now
make a few assumptions. We are primarily interested in
the low-energy physics and thus neglect the k2 term in
Eq. (3). Basically, it means that we ignore the diffusion
along the edge due to σxx. Experimentally, this is a nat-
ural assumption since the observed transport is chiral.
It also seams reasonable if we imagine that the strip is
non-uniform along the x direction in the long-wave length
limit and thus there is no contribution to the longitudinal
current from σxx term. Next, we assume a constant elec-
tric field inside the strip, i.e. U ′(|ky|)|y=δ=U ′(|ky|)|y=ξ,
where δ is an effective width of the channel. This ap-
proximation follows from the low-energy limit and can
3be understood from the Eq. (3), when the ω term is ne-
glected. Substituting
σxx(y) = σxxθ(y)θ(ξ − y), (5)
σxy(y) =
σxy
2
[
θ(y) + θ(y − ξ)
]
(6)
into Eq. (3) we get a system
ωρ1 = kσxyϕ(k, δ)/2 + iσxx∂yϕ(k, y)|δ, (7a)
ωρ2 = kσxyϕ(k, ξ)/2− iσxx∂yϕ(k, y)|ξ. (7b)
which is easily diagonalized by the modes ρc,σ(k) with
the spectrum
ωc(k) = kvc, ωσ(k) = kvσ − 2iσxx
σxy
ε0. (8)
We assume that the Coulomb interaction is screened at
distance D, which is much larger than the width of the
strip and much smaller than the wavelength. Therefore,
the velocities
vc,σ=2piσxy
[
U(δ/D)± U(ξ/D)
]
/2, (9)
do not have dispersion. Such screening is naturally
present in the experiment [13] due to various metal-
lic gates. We also introduced the energy parameter
ε0 ≡ −2piσxyU ′(y/D)|y=δ which can be written in the
low energy limit k  1/ξ as
ε0 = 2vσ/ξ. (10)
Energy ε0 is thus related to the ultra-violet cut-off 1/ξ
for the wave vector k, and the dissipative term contains
a parameter σxx/σxy defining its dominant contribution
in the compressible strip.
III. ENERGY FLUX: GENERAL APPROACH
So far we have used classical equations. To incorporate
quantum effects into the definition of the energy flux JE
carried by the edge at the thermal equilibrium, we write it
as a symmetric product of the operators for the potential
energy and the current along the edge jx(y):
JE=
∫
dωdkdk′
(2pi)3
∫ ∞
0
dy
2
〈jx(k, y)ϕ(k′, y) + ϕ(k, y)jx(k′, y)〉,
(11)
where jx(k, y) = −σxy(y)∂yϕ(k, y), so that we again ig-
nore the contribution of σxx to the longitudinal current
according to the assumptions made in the previous sec-
tion. Note that without a loss of generality we have
written the energy flux for simplicity at t = 0, x = 0.
Rewriting the total potential ϕ(k, y) in terms of the
amplitudes of charged and neutral modes and using
〈ρi(k, ω)ρj(k′,−ω)〉 = 2piδijδ(k − k′)Sij(k, ω), we can
rewrite the energy flux as
JE =
1
2σxy
∫
dkdω
4pi2
∑
i={c,σ}
v2i Sii(k, ω). (12)
In this case, the charged and neutral modes are orthog-
onal and the energy flux is a sum of the respective auto-
correlation functions. However, generally and as it will
become clear from the regime of ν = 2, the heat current
also has contributions from the cross-correlators between
the modes as the eigenstates stop being orthogonal in the
presence of dissipation. Nevertheless, all the correlations
can be easily found within a unified approach based on
the FDT. Before moving to that, we note that the above
formula can be understood intuitively.42 The energy flux
operator can also be viewed as a product of the energy
density of the edge excitation and its velocity, which can
be written as Jˆ = v · pivρˆ2(x, t). This indeed results in
the expression (12) upon taking a thermal averaging.
IV. CORRELATIONS FROM FDT
A convenient method, allowing us to stay within a hy-
drodynamics formalism39 relies on the FDT relation.43,44
Let us clarify how it can be applied in our system.
First, we need to construct a perturbation Hamiltonian
δH(k, ω) that would only excite45 the low energy modes
ρc,σ(k). For that we introduce the sources δϕ1,2(y) that
couple to the total charge density
δH = −
∫
dy
[
ρ1(y) + ρ2(y)
][
δϕ1(y) + δϕ2(y)
]
. (13)
To use FDT and to compute the correlators for the
charged and dissipative modes we need the perturbation
to take the following form:
δH = −ρcδϕc − ρσδϕσ, (14)
where δϕc,σ are the amplitudes of the sources that ex-
cite the corresponding modes. This form of the per-
turbation is achieved if we choose δϕ1(y) = δϕc and
δϕ2(y) = δϕσ(2y/ξ − 1). This particular choice has an
interpretation. It means that the charged mode is ex-
cited by a spatially constant field, while the AG neutral
mode – by a linear field. The latter is consistent with
our model, where we assume a constant electric field in
the strip associated with this neutral mode. The FDT
states that a correlator Sij(k, ω) is simply related to the
response function Gij = δρiδϕj at a temperature T ≡ 1/β,
where δρi describes a deviation of the charge density am-
plitude from its unperturbed value:
Sij(k, ω) + Sji(k, ω) =
2 Im{Gij(k,−ω) + Gji(k,−ω)}
1− e−βω .
(15)
Meanwhile, the response functions Gij can be obtained
from the equations of motion (7) by introducing poten-
tials δϕ1,2(y) into them. The result reads
Gcc= −kσxy
kvc−ω−iγ , Gσσ =
−kσxy + 2iσxxε0/vσ
kvσ−ω−2iσxxε0/σxy , (16)
where γ is an infinitesimally small shift of the pole for
the retarded response function. The contribution to the
4energy flux (12) from the charged mode is thus trivially
described by the expected quantum of the heat flux
Jcc =
∫ ∞
−∞
dω
4pi
ω
1− e−βω − Jvac = Jq, (17)
where we subtracted the vacuum part Jvac=
∫∞
0
dωω/4pi.
For the neutral mode on the other hand we obtain
Jσσ =
∫ T
0
dωω
2pi
∫ 1/ξ
−1/ξ
dk · vσ2σxxε0/σxy
(kvσ + ω)2 + 4σ2xxε
2
0/σ
2
xy
, (18)
where we introduced the ultra-violet cut-off for k above
which our theory breaks down. We also explicitly cut off
the integral for ω by a small temperature controlled in the
experimental setting. To find Jσσ we note that the width
of the Lorentzian defined by σxxε0/σxy becomes larger
than the region where the low energy physics is applica-
ble. Thus, the integrand can be taken as a constant in
the leading order in σxy/σxx and the main contribution
to the integral comes from |k| ≤ ±1/ξ. Interestingly, all
the auxiliary parameters such as the value of the cut-off
1/ξ are cancelled out and the energy flux carried by the
AG mode is solely defined by the parameter σxy/σxx:
Jσσ =
σxy
2piσxx
Jq (19)
This result is quite straightforward, since there is no cou-
pling between the charged and AG neutral mode. In the
next section we show that it is nevertheless robust to
such coupling, namely at ν = 2 where the two modes in-
teract via an additional charge density. We remark once
again that a breakdown of the heat current quantization
is a consequence of the low-energy character of our model
which imposes a cut-off ±1/ξ in the integral (18). For-
mally, if the integral is extended to infinity, one restores
the quantization.
V. ENERGY FLUX AT ν = 2
The system that we refer to in this section is depicted
in Fig. 3. We repeat the steps of the previous discussion
and first write down equations of motion. This time for
three charge amplitudes ρ1(k, ω), ρ2(k, ω), ρ3(k, ω) local-
ized at y = 0, y = ξ and y = a respectively:
ωρ1 =
kσxyϕ(k, δ)
2
+ iσxx∂yϕ(k, y)|δ, (20a)
ωρ2 =
kσxyϕ(k, ξ)
2
− iσxx∂yϕ(k, y)|ξ, (20b)
ωρ3 = kσxyϕ(k, a), (20c)
where the total potential is
ϕ(k, y) = 2pi
[
U(k|y|)ρ1 + U(k|y − ξ|)ρ2 + U(k|y − a|)ρ3
]
(21)
with the interaction kernel defined as before. We again
use the condition of the constant electric field inside
a strip, which results in U ′(y/D)|y=δ = U ′(y/D)|y=ξ
and U ′(y/D)|y=a−ξ = U ′(y/D)|y=a. Diagonalizing then
the system (20), one finds that there are three non-
orthogonal modes, two of which correspond to the usual
charged and neutral modes, while the third one is an AG
neutral mode residing in the strip. This mode again has
a dominant dissipative contribution to its spectrum and
we will be also referring to it as the overdamped one. The
two other modes acquire a dissipative correction of O(k2)
due to the coupling with a dissipative mode and for that
reason we will be calling them underdamped. To show it
analytically we first introduce the following velocities
v1,2 = 2piσxy
[
U(δ/D)± U(ξ/D)
]
/2, (22)
v3,4 = 2piσxy
[
U((a− ξ)/D)± U(a/D)
]
/2. (23)
and then expand the expressions for v2,4 at small ξ to the
first order to get a relation
U ′(y/D)|y=δ/U ′(y/D)|y=ξ = v2/v4. (24)
It allows us to simplify the analytical treatment of the
ξ 𝑎
x
y
Figure 3. A Hall conductivity profile of the edge cross-section
at ν = 2. Again, as in Fig. 2 the compressible strip is rep-
resented as a 1/2 · e2/h-step (shaded region). The charge
densities accumulate at y = 0; ξ; a. In this case all the eigen-
modes are coupled due to the presence of dissipation and the
geometry of the system.
eigenvalues of the system (20). Namely, the eigenmodes
acquire the forms
ωc,n(k) = k
[
v1 +
v22 − v24
2v2
±
√
v23 +
(v22 − v24)2
4v22
]
− ik2σxy/σxx · Cc,n, (25)
ωσ(k) = k(v2 + v
2
4/v2)− 2i
σxx
σxy
ε0, (26)
where ε0 = 2v2/ξ as before. The precise form of the pos-
itive constants Cc,n is unimportant here since we never
use the approximate expressions for the spectrum in the
calculations below. But as an example, in the simplest
5case where v2 = v4, Cc,n = v2(v1 ± v3)/4ε0. Exactly
as mentioned above the charged and neutral modes ac-
quire a dissipative correction, while for the overdamped
mode the dissipative part remains unchanged compared
to ν = 1. It is not surprising, since the dissipative part
represents the largest energy scale, so that the presence
of low-energy modes is insignificant for it. Additionally,
the obtained spectrum of the neutral mode46 is consis-
tent with the experimental findings of Ref. [38], where the
quadratic behavior of the imaginary part of the wavevec-
tor was found at small ω.
Intuitively, such spectrum suggests that the energy flux
would have a similar structure compared to ν = 1: the
AG mode would carry the same portion of the flux quan-
tum, while the underdamped modes transfer together two
flux quanta. Since the overdamped mode acts as a metal,
to the leading order in σxy/σxx it only renormalizes the
velocities of the underdamped modes, which do not enter
the expression for the heat current.
In agreement with the above arguments, we find indeed
that the heat current carried by all the modes is described
by
JE =
[
2 +
σxy
2piσxx
]
piT 2/12 (27)
The details of the derivation can be found in the appendix
A. Here let us briefly describe the basic steps. The total
expression for the heat flux has the form
JE =
σxy
2
∫
dkdω
(2pi)2
[1
2
〈ϕ(k, 0)ϕ(k, 0)〉
+
1
2
〈ϕ(k, ξ)ϕ(k, ξ)〉+ 〈ϕ(k, a)ϕ(k, a)〉
]
(28)
and is expressed in terms of all the auto- and cross-
correlators 〈ρi(k, ω)ρj(k′, ω)〉 via the relation (21). Upon
finding these correlators through FDT, we then substi-
tute them into the expression for the heat flux and calcu-
late it to the leading order in σxy/σxx by expanding our
expressions for small ω based on T  σxxε0/σxy. The
lowest order term results in two flux quanta while the
correction to it coincides with heat current Jσσ carried
by the AG mode at ν = 1, see Eq. (19).
VI. DISCUSSION
Motivated by the experiment [13], we have proposed an
effective model of dissipation at the edge of the integer
quantum Hall system and found a corresponding heat
current. In this model dissipation is associated with a
compressible region arising in realistic experimental set-
ups. Compressible regions were predicted to host an in-
finite number of hydrodynamic, or as we refer to AG
modes,34 which have never been observed. We argued
that this might be due to the dissipation which have not
been fully explored before. Building upon a low-energy
theory and making a few assumptions such as the trans-
port chirality and σxx  σxy in the compressible strip,
we have calculated the contribution to the heat current
from the lowest AG mode at ν = 1 and ν = 2.
Starting with ν = 1, we have discovered that the
dominant contribution to the AG mode heat flux comes
from all wavevectors |k| ≤ 1/ξ. As a result this over-
damped mode carries only a portion of the flux quan-
tum, (σxy/2piσxx)Jq – consistent with the observation of
Ref. [13]. The answer is universal as it only contains the
ratio σxx/σxy while all extra parameters, such as veloci-
ties and high energy cut-off drop out. However, the exact
numerical prefactor depends on the interaction details.
We generalize our result to ν = 2, where the over-
damped AG mode interacts with the charged and neutral
modes. We find that the change in the low-energy spec-
trum of the AG mode is minimal and only its velocity
changes. In addition, the charged and neutral modes ac-
quire an imaginary k2 contribution due to the interaction
with the overdamped mode. We find that the heat cur-
rent they are transferring together is (2 + σxy/2piσxx)Jq.
Moreover, the presence of the additional overdamped
mode either at ν = 1 or ν = 2 results in the same correc-
tion to the heat current. Indeed, the contribution from
the dissipative mode comes from the whole range of the
wavevectors where the hydrodynamic description is jus-
tified. At this scale the low-energy modes can be con-
sidered as an electrostatic environment, whose presence
can only lead to the renormalization of the velocity of
the high-energy mode. As it does not enter into the heat
current expression, the exact number of such slow modes
does not matter.
Although the presented results are consistent with the
experiments it is important to underline, that in the
hydrodynamic limit, where AG mode exists, it is over-
damped and carries less than a flux quantum. On the
other hand a significant contribution to its heat current
may come from the scales where our low-energy approach
is not applicable. We thus conclude that in order to build
up a complete picture of heat transport with dissipation
one has to come up with a microscopic model, say of
the impurities at the edge and go beyond the low-energy
limit.
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6Appendix A: Heat current calculation at ν = 2
Let us first rewrite the expression for the heat current (28) in terms of the charge densities correlators:
JE =
1
2σxy
∫
dkdω
2pi
[
(v21 + v
2
3)Scc + {v23 + v24 + (v1 + v2)2}S33 + (v22 + v24)Sσσ
+ v3(2v1 + v2)(Sc3 + S3c) + v3v4(Sσc + Scσ) + v4(v1 + 2v2)(Sσ3 + S3σ)
]
, (A1)
where Sij ≡ Sij(k, ω) and 〈ρi(k, ω)ρj(k′,−ω)〉 = 2piδ(k − k′)Sij . Here we use the following notations:
ρc,σ = ρ2 ± ρ1, (A2)
i.e. the ρc and ρσ denote the amplitudes of the charged and dissipative mode as they were for ν = 1. In this way we
see directly how the coupling with ρ3 modifies the picture and can apply the same perturbation sources for the FDT
in order to find the above correlators. Indeed, the perturbation Hamiltonian can be written in the form
−Hp =
∫
dy
(ρc
2
[δ(y) + δ(y − ξ)] + ρσ
2
[δ(y − ξ)− δ(y)] + ρ3δ(y − a)
)
(δϕc(y) + δϕσ(y) + δϕ3(y)) (A3)
=
ρc
2
(δϕ1(0) + δϕ1(ξ) + δϕ2(0) + δϕ2(ξ)) +
ρσ
2
(δϕ1(ξ)− δϕ1(0) + δϕ2(ξ)− δϕ2(0) + ρ3δϕ3(a)) . (A4)
Taking δϕ3(y) localized at y = a with δϕ3(a) = δϕ3 and δϕ1(y) = ϕc, δϕ2(y) = ϕσ(2y/ξ − 1) results in
Hp = −ρcδϕc − ρσδϕσ − ρ3δϕ3. (A5)
We can now substitute these sources into the equations of motion (20) to find the linear responses. The obtained
systems reads kv1 − ω 0 kv30 kv2 − ω − 2iσxxσxy ε0 kv4 − 2iσxxσxy v4v2 ε0
kv3 kv4 k(v1 + v2)− ω
δρcδρσ
δρ3
 =
 −kσxyδϕc−(kσxy − 2iσxxv2 ε0)δϕσ−kσxyδϕ3
 . (A6)
The nine linear responses δρi/δρj can now be found straightforwardly:
δρc
δϕc
= −
kσxy
[
v2(kv2 − ω − 2iσxx/σxyε0)(k(v1 + v2)− ω)− kv24(kv2 − 2iσxx/σxyε0)
]
v2∆
, (A7)
δρc
δϕ3
=
k2v3σxy(kv2 − ω − 2iσxx/σxyε0)
∆
=
δρ3
δϕc
,
δρc
δϕσ
= −k
2v3v4σxy(kv2 − 2iσxx/σxyε0)
v2∆
(A8)
δρσ
δϕc
= −k
2v3v4σxy(kv2 − 2iσxx/σxyε0)
v2∆
, (A9)
δρσ
δϕσ
= −σxy(kv2 − 2iσxx/σxyε0)
v2∆
[
(kv1 − ω)(k(v1 + v2)− ω)− k2v23
]
, (A10)
δρσ
δϕ3
=
kv4σxy(kv1 − ω)(kv2 − 2iσxx/σxyε0)
v2∆
, (A11)
δρ3
δϕσ
=
kσxyv4(kv1 − ω)(kv2 − 2iσxx/σxyε0)
v2∆
, (A12)
δρ3
δϕ3
= −kσxy(kv1 − ω)(kv2 − ω − 2iσxx/σxyε0)
∆
, (A13)
where the determinant ∆(k, ω) is described by
∆(ω, k) =k3{v21v2 − v2v23 + v1(v22 − v24)}+ k2(−v21 − 3v1v2 − v22 + v23 + v24)ω + 2k(v1 + v2)ω2 − ω3+ (A14)
iσxx/σxyε0(−2k2v1v2 + 2k2(v23 − v21) + 2k2v1v24/v2 + 4kv1ω + 2kv2ω − 2kv24/v2ω − 2ω2). (A15)
Again using the FDT relation (15), we find the correlation functions and substitute them in the integral (A1). Although
the acquired relations are cumbersome the structure of the integral is clear. There are three poles corresponding
7to the three modes and the contribution from the low-energy charged and neutral excitations can be separated
from the dissipative mode. We thus perform the calculations in the following manner. First, we rewrite 1∆(k,ω) =[
Re ∆ − i Im ∆
]
/
[
(Re ∆)2 + (Im ∆)2
]
and note that the imaginary part Im ∆ ∝ σxx and therefore dominates over
Re ∆ for low enough k. It allows us to simplify this expression further, ending up with
1
∆(k, ω)
≈ − i
Im ∆
+
Re ∆
(Im ∆)2
. (A16)
The first term here is proportional to 1/σxx and it is this one that results in the two flux quanta. Let us clarify it.
First note, that Im ∆ = O(k2) and contains two poles corresponding to the charged and neutral modes. Therefore,
the imaginary term in (A16) multiplied by the leading order terms of k and ω in the numerators of linear response
functions (A7) brings us to the two flux quanta. One can easily understand that it is the case, since all the leading
order terms in the aforementioned numerators are also proportional to σxx, which hence drops out. One is left then
with a simple integration over k of two delta functions arising from the two poles.
To obtain a correction to this result one needs to multiply − iIm ∆ by the next order terms of k and ω in the
numerators and adding to that the product between Re ∆(Im ∆)2 and the lowest order terms in k and ω. In the end, one
makes an expansion in ω, since it is cut off by small T , while the main contribution in k comes from the ultra-violet
cut-off 1/ξ as we saw in Sec. IV. Following this strategy one can discover the correction σxy/2piσxxJq – same as at
ν = 1.
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